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Disordered spring networks that are undercoordinated may abruptly rigidify when sufficient strain
is applied. Since the deformation in response to applied strain does not change the generic quantifiers
of network architecture—the number of nodes and the number of bonds between them—this rigidity
transition must have a geometric origin. Naive, degree-of-freedom based mechanical analyses such
as the Maxwell-Calladine count or the pebble game algorithm overlook such geometric rigidity
transitions and offer no means of predicting or characterizing them. We apply tools that were
developed for the topological analysis of zero modes and states of self-stress on regular lattices
to two-dimensional random spring networks, and demonstrate that the onset of rigidity, at a finite
simple shear strain γ?, coincides with the appearance of a single state of self stress, accompanied by a
single floppy mode. The process conserves the topologically invariant difference between the number
of zero modes and the number of states of self stress, but imparts a finite shear modulus to the spring
network. Beyond the critical shear, we confirm previously reported critical scaling of the modulus.
In the sub-critical regime, a singular value decomposition of the network’s compatibility matrix
foreshadows the onset of rigidity by way of a continuously vanishing singular value corresponding
to nascent state of self stress.
PACS numbers: 87.16.A-,87.16.Ka, 87.16.dm
I. INTRODUCTION
Fibrous networks feature broadly in natural as well as
synthetic materials. Examples include rubbers [1], hydro-
gels [2], and most biopolymer-based cellular and extracel-
lular matter including the actin cytoskeleton [3], collage-
nous extracellular matrix [4], and fibrin-based blood clots
[5, 6]. These networks are all characterized by a fairly low
connectivity: In most cases, the network is held together
by crosslinks that connect precisely two fibers together.
Treating the crosslinking points as positional coordinates
or “nodes”, and fiber segments as bonds connecting these
nodes, each node will have 4 bonds, or fewer if one dis-
cards dangling ends [7].
While real fibrous networks have one or more features
that makes them rigid despite this low connectivity, such
as a bending stiffness or pre-stresses of mechanical, ther-
mal and/or osmotic origin, the mechanical properties can
still to a large extent be determined by the pure geometry
of the network. The basic spring network that one is then
left with, is governed by the arguments due to Maxwell [8]
and Calladine [9], which count degrees of freedom and
constraints to determine answers to two basic mechani-
cal questions: In in how many ways N0 can the network
deform without energy cost? And in how many ways
NSSS can the network support a stress without need-
ing external forces? In other words: How many floppy
modes and states of self-stress does the network possess?
Calladine’s findings prove, that for every network with
∗ w.g.ellenbroek@tue.nl
N nodes and Nb bonds, the difference ν = N0 − NSSS
is the same, regardless of the spatial arrangement of its
nodes and bonds. As a result, ν cannot change when the
network is deformed, for instance in response to exter-
nal loading. For this robustness, and the fact that N0
and NSSS are each related to the dimensionality of cer-
tain solution spaces, ν may be regarded as a topological
index, protected from spatial change [10]. Importantly,
though, the individual numbers N0 and NSSS depend on
the local details and will, generally, change during defor-
mation. [11]. What we will demonstrate is precisely how
these changes affect the transition from floppy to rigid in
disordered networks.
We use the mikado model, a well-studied and often em-
ployed two-dimensional model for fibrous networks. It
has an extensive number of floppy modes in the limit
of zero bending stiffness [13], but its states of self-stress
(SSS) are a nontrivial matter that has been unexplored.
The SSS are intimately related to mechanical perfor-
mance: For small shear strains, these networks can de-
form freely, suggesting that they either do not have any
SSS, or that the ones they do have are orthogonal to
the shear deformation [11, 14]. At finite strain, however,
these networks rigidify in a manner bearing some of the
hallmarks of a continuous phase transition [15–17]. Even
for networks that do have some degree of subisostatic
rigidity due to fiber bending, the sharp increase at fi-
nite strain is conserved highlighting the broad relevance
of the geometric rigidity transition. Rigidity can only
come about when the network is capable of bearing a
load, and therefore indicates the presence of at least one
SSS. The question how the SSS arises is complementary
to the recent finding that the floppy modes that live on
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FIG. 1. Floppy to rigid: (a) A network, as initially generated
with the Mikado method. The periodically repeated simula-
tion area is outlined by the thick black boundary. The average
connectivity of this sample network is z = 3.6. (b) The same
network, after a simple shear strain of γ = 0.12 has been
applied (using Lees-Edwards boundary conditions [12]). The
network is now rigid, betrayed by a single, system-spanning
state of self stress comprising extended (red) and compressed
(green) segments. Black segments are unstrained.
the mikado sticks can be localized to one end of the stick
by slightly deforming it, similarly to how floppy modes
in Kagome lattices can be localized to the boundary by
perturbing the geometry [18].
Our central finding is that mikado networks do not
have any states of self-stress as they are created. Upon
deformation, and precisely at the critical strain, a single
SSS appears. This SSS is purely geometrically induced
through the non-affine displacements of the nodes. The
SSS are difficult to extract due to the disordered nature
of mikado networks, combined with the strict geomet-
ric conditions for SSS to exist; we show that a singular
value decomposition of the equilibrium matrix [19] sen-
sitively captures the approach to, and onset of, rigidity.
Finally, we validate our numerical mechanical experiment
by comparing the scaling of the shear modulus beyond
the critical strain with known results [16, 17].
II. THE MIKADO MODEL: DEFINITION AND
MODE STRUCTURE
The mikado model is often used to study the mechani-
cal properties of disordered semi-flexible fibrous or poly-
mer networks [13, 20–22]. Straight, segmented fibers
(“sticks”) are placed randomly in a doubly periodic two-
dimensional simulation box. In our work, the simulation
box is a square with side L during the mikado procedure,
but we will deform the networks later by changing the
shape of the periodic box using a simple shear strain γ, as
illustrated in Fig. 1. The coordinates of the intersection
points of the fibers (the “crosslinks”, or “nodes”) are the
degrees of freedom of the model. Interactions between
nodes that are connected by a stick capture the mechan-
ical response of the sticks. The original mikado model,
for instance, energetically penalizes both the stretching
and the bending of a stick; in this paper we shall focus
on the limit of vanishing bending energy. The network is
thus a central force (spring) network. The energy of the
model is given by
E = 1
2
Nb∑
i=0
Y
`0,i
(`i − `0,i)2 . (1)
Here, Y is the Young’s modulus of a single fiber, and `0,i
is the rest length of the ith spring. The spring constant of
spring i is therefore ki = Y/`0,i. `i is the instantaneous
length of spring i spring, which is a function of the coor-
dinates of the crosslinks. Specifically, for a network with
N nodes and Nb springs, we may collect the deviations
of all crosslinks from their initial (unstrained) positions
into the 2N -dimensional displacement vector U, which is
mapped onto the Nb-dimensional vector E containing all
spring elongations by the Nb × 2N compatibility matrix
C:
CU = E. (2)
A floppy or zero mode, now, is a set of node displace-
ments that costs zero energy, i.e. that does not change
the length of any of the bonds. That is, the vector E con-
tains only zeroes. Floppy modes may this be determined
as vectors in the null space of the compatibility matrix
C. As a result, the number of floppy modes, N0, equals
the nullity (the dimension of the null space) of C.
A state of self stress is a configuration of tensions in
all of the springs satisfying mechanical equilibrium. That
is, the sum of forces
∑
f = 0, on each node separately.
Mapping from the tensions in the springs to the forces on
the nodes is effected by the 2N ×Nb equilibrium matrix
Q. It is a function of the positions of the nodes, and
hence, indirectly of the shear strain γ on the network.
Collecting all bond tensions in a Nb-dimensional vector
T, and all spring forces f into the 2N -dimensional vec-
tor F, the condition for mechanical equilibrium may be
expressed as
QT = −F = 0. (3)
Non-trivial solutions T 6= 0 to this equation are called
states of self stress; the number of states of self stress
NSSS is equal to the nullity of Q [23].
Our main numerical results concern networks that have
been deformed by changing the shape of the periodic sim-
ulation box. In order for this to represent a quasistatic
deformation, we minimze the energy, Eq. (1), after each
box shape change, using the conjugent gradient algorithm
[24]. In networks that have been deformed beyond the
critical strain, we determine the components of the virial
stress
σij =
1
2L2
∑
〈kl〉
(xk,i − xl,i)fkl,j , (4)
with i, j = x, y, x, L the box size, 〈kl〉 shorthand for sum-
mation over all node indices k, l connected by a spring,
3xk,i the i-component of the coordinates of node k and
fkl,j the j-component of the force along the spring con-
necting nodes k and l. The shear modulus is then com-
puted as
G(γ) =
∂σxy
∂γ
, (5)
which we evaluate in linear response using the full Hes-
sian (as the network will be stressed when γ > γ?) [25].
Maxwell-Calladine counting dictates that the differ-
ence between the number of floppy modes and the num-
ber of states of self-stress is fixed by the count of degrees
of freedom and constraints,
ν = N0 −NSSS = 2N −Nb − 3 , (6)
where the right-hand side can be understood to repre-
sent the number of degrees of freedom (the 2N node po-
sitions), minus the number of constraints imposed by the
springs (1 for each of the Nb springs), minus the number
of trivial zero modes (in two dimensions, 2 translations
and 1 rotation) [9, 11]. Thus, the value of ν can be ob-
tained simply by counting nodes and springs, but to find
N0 and NSSS separately requires more effort. As long as
the geometry of the network is completely generic, the
pebble game algorithm can be used to keep track of the
redundant bonds [26, 27]. This algorithm is sensitive to
local properties, while the Maxwell-Calladine argument
only gives global information. The pebble game is, how-
ever, still topological in the sense that it takes as input
only which node is connected to which other nodes, but is
otherwise blind to geometric happenstance. Mikado net-
works transition from soft to rigid upon deformation, and
this transition does not change their topology. This be-
lies a geometric origin: beyond the critical strain, there
is a state of self-stress that was not there earlier, even
though no bonds were created or destroyed during the
deformation. Both the Maxwell-Calladine count and the
pebble game give the same result, below and beyond the
critical strain. The only way to reveal the actual floppy
modes and states of self-stress of these networks is, there-
fore, to use an algebraic analysis that is sensitive to the
geometric details underpinning the rigidity transition.
Eq. (6) suggests that mikado networks have an exten-
sive excess of zero modes relative to their states of self
stress; ν ∼ Nsticks. To see this, note that in a mikado
network, most nodes have 4 bonds connecting to them
because they are the intersection of two lines, so that
the number of bonds should be Nb = 2N (dividing by 2
to avoid double-counting). However, each mikado stick
has two dangling ends which do not contribute to the
network, so Nb = 2N −Nsticks (each dangling end corre-
sponds to half a bond). Thus N0 − NSSS = Nsticks − 3.
Alternatively, [18] points out that the addition of each
stick creates a floppy mode corresponding to the longitu-
dinal displacement of the new stick. In dilute networks,
the actual tally of floppy modes can be a bit lower than
the number of sticks.
As an illustration, we calculate the number of floppy
mode for mikado networks as a function of the number of
fibers, for different fiber lengths. The results are shown in
Fig. 2. Initially, all the curves deviate from the predicted
linear asymptote. This is a low-density effect, the fibers
are deposited at a random position and orientation and
a newly added fiber may not intersect any other fiber,
adding no degrees of freedom in the model. At higher
densities, all lines converge to the predicted asymptote
to the same line, showing that indeed each added fiber
contributes one zero mode: N0 = Nsticks.
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FIG. 2. The number of floppy modes is counted as a function
of the number of mikado sticks (fibers) used, for a range of
stick lenghts. In the limit of long fibers, or a high density,
the number of floppy modes scales with the number of fibers
in the network. The curves are ordered bottom-to-top from
short fibers (10% of the box size) to longer fibers (19% of the
box size).
While the excess is thus decidely extensive (and
large mikado networks are certainly riddled with floppy
modes), we cannot yet say anything about the density-
dependence of N0 and NSSS separately; we now investi-
gate the partitioning of ν.
III. CONNECTIVITY AND RIGIDITY
Getting straight to the point: Unstrained mikado net-
works do not have any states of self-stress. To see this,
consider what happens when a single mikado stick is
added to an existing network, as sketched in Fig. 3. This
increases the topological index ν defined in Eq.( 6) by
one—the newly added fiber adds µ (the number of pre-
viously present fibers it crosses; in this example, 3) new
nodes to the network, and adds 2µ−1 new springs. These
new springs are µ−1 springs that connect the new nodes,
and another µ new springs connecting previously existing
nodes. The right hand side of equation 6 has therefore
increased by one. Thus, at least one zero mode has been
4created—possibly more, but then these should be accom-
panied by states of self stress; ∆N0 = ∆NSSS + 1. One
new floppy mode is readily identified, and consists of an
infinitesimal, coherent motion of the newly created nodes
as indicated in Fig. 3.
It turns out, that ∆NSSS = 0, and thus that exactly
one floppy mode is created by adding a new stick. To see
this, consider the force balance equations on any of the
newly created nodes. Because the two fibers that inter-
sect at this node are both straight, these equations can
be decomposed into components along the fibers. Firstly,
the forces along the new fiber must all be equal, and be-
cause the fiber has finite length (there is a node with only
3 springs connecting to it at each end) they must all be
zero. More importantly, the forces in the two springs in
which the existing spring was divided are equal, so that
nothing has changed about the possible force networks
on the existing network. The conclusion is that adding a
mikado fiber to any network does not create any states of
self-stress and adds precisely one floppy mode. By induc-
tion, a network that consists solely of mikado fibers does
not have any states of self-stress and will, in general, not
support a mechanical load.
FIG. 3. The addition of a mikado stick to an already existing
network gives rise to µ (in this example µ = 3) intersections
and 2µ− 1 new springs. Turning the intersection points into
nodes before adding the springs that represent the new stick
creates a floppy mode at each new node, indicated with the
arrows. Adding the µ − 1 new springs couples these into a
single floppy mode.
Large deformations, however, may rigidify a mikado
network: without changing the network topology, a state
of self-stress appears. We will now explore how this hap-
pens, focusing on simple shear (other modes of deforma-
tion such as global stretching will produce similar phe-
nomena). As a preliminary, we note that the critical
shear strain γ? at which rigidity sets in depends primar-
ily on the coordination number of the network, becoming
more narrowly distributed as the system size increases.
Fig. 4 shows this distribution, for a range of system sizes,
keeping the connectivity fixed at z = 3.6. Thus, the no-
tion of a z-dependent critical strain becomes tightly de-
fined in the large-system size limit of the mikado model.
Beyond this critical strain γ?, since the boundaries are
periodic (Lees-Edwards), there can be no external forces
on any of the nodes. Thus, the force network compris-
ing the stretched and compressed springs giving rise to
the finite modulus represents a state of self-stress. We
emphasize, again, that this state of self-stress cannot be
found by purely topological methods such as the pebble
game.
Instead, we must directly compute the non-trivial so-
lutions of Eq. (3). A reliable and numerically stable way
to establish these is to use a singular value decomposition
[28],[19], [29], decomposing the equilibrium matrix Q as
Q = AS B†, (7)
where the A (2N × 2N) and B (Nb×Nb) are orthogonal
matrices, the dagger denotes a Hermitian conjugate, and
S is a 2N ×Nb rectangular diagonal matrix, holding as
its Nb main-diagonal entries (S)ii the so-called singular
values si. If any of those singular value is equal to zero,
the corresponding column of B† is in the kernel of the
equilibrium matrix Q and thus a state of self-stress of
the system.
We performed a series of numerical simple shear exper-
iments on an ensemble of mikado networks with a an av-
erage connectivity of z = 3.6, and fibers of initial length
2
5
√
2 ≈ 0.57 in box sizes ranging from L = 1 to L = 2√2.
The number of mikado sticks involved ranges from order
50 for the smallest system to order 400 for the largest one.
We numerically minimize the network energy, Eq.(1) af-
ter each shear step and compute the shear modulus, the
fraction of springs that carries a nonzero tension, and the
three lowest of singular values of the equilibrium matrix.
The result of these calculations is shown in Fig. 5, as a
function of the strain.
This shear modulus jumps at the critical strain, in ap-
parent contradiction to earlier reports that the transition
FIG. 4. Probability density of the critical strain γ?, the strain
at which the network acquires a modulus, for mikado networks
at z = 3.6 with stick length 0.57. System sizes are L =
1(+),
√
2(•), 2(?), 2√2(), for decreasing distribution width.
The inset shows the average γ? as a function of connectivity
z (calculated at L =
√
2).
5is continuous [16]. To analyze this effect, we fit the mea-
sured moduli to the following equation
G(γ) = ∆G? +
(
γ − γ?
γ?
)f
(8)
allowing to simultaneously quantify the post-
rigidification behavior and the jump. Fig. 6 and
the inset summarize the scaling behavior: beyond the
critical strain, the modulus rises according to a power
law, with an exponent f = 0.82, in agreement with
earlier findings for the 2D mikado model without bend-
ing. From the same fits, we have determined that the
jump ∆G? decreases as the system size is increased, but
whether it disappears completely at L → ∞ is unclear;
whether the jump is a real effect or an artifact of our
method of determining G very close to the transition
requires systems too large for our current simulations to
handle.
The overall scenario for the emergence of rigidity at fi-
nite strain is collected in Fig. 5. In the deeply subcritical
regime, there are no states of self stress and the system
is floppy with respect to shear. Approaching the critical
strain, one of the singular values drops steeply. When
it touches zero, a significant fraction of the network is
engaged mechanically and the shear modulus begins to
rise in power law fashion. As far as we have been able
to discern, no secondary states of self stress are created,
and the mechanical response is thus completely carried
by the first SSS to appear.
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FIG. 5. The scenario for shear-induced rigidification of the
mikado network: as the critical strain γ? is approached, one
singular value drops to zero spawning a state of self stress
that carries the load, prompting a finite shear modulus. We
plot the lowest singular value in blue, the modulus in red,
and the second and third lowest singular values in green and
red, respectively. It is evident, that even well beyond the
transition there remains only one state of self stress. The line
through the shear modulus graph is a fit to Eq. (8), the other
lines are guides to the eye.
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FIG. 6. Beyond the critical strain, the shear modulus rises as
a power law; G−∆G? ∼ [(γ − γ?)/γ?]f with f = 0.82.
IV. DISCUSSION
We have shown, that the lowest singular value of the
equilibrium matrix vanishes at the critical strain. At
this same strain a state of self stress emerges. Of course,
this event also coincides with the emergence of a finite
modulus. Across the ensemble of random networks we
generated, we have only ever seen a single state of self
stress being responsible for the onset of rigidity. More-
over, this mode continues to be the sole mode supporting
the load for some range of strains; the second and third
smallest singular values remain nonzero well beyond the
transition.
This finding suggests that in order to understand the
striking similarities between induced rigidity and critical
transitions in Ising-like models in the presence of aligning
fields (evidenced, for instance, by the Widom collapse of
the scaled modulus before and after the critical strain in
[16]) we should direct our attention to the properties of
the first critical state of self stress, as it is the only struc-
ture responsible for the finite modulus. Its contribution
to this modulus may be split up into two parts, one hav-
ing to do with the springs (providing a constant contribu-
tion proportional to the spring constant per spring) and
a contribution proportional to the spring tension [25, 30];
a closer look at the statistical properties of the critical
SSS (participation ratio, tension distribution) will likely
offer a deeper understanding of the scaling near the rigid-
ification threshold.
Geometric rigidification offers great advantages over
architected rigidity. These are materials that are initially
vanishingly soft and malleable; the application of a load
rigidifies them. There is likely an intimate connection
between the critical SSS and the strain that prompted it;
in shear, the SSS brings a finite shear modulus. In uni-
form dilation, it will produce a nonzero bulk modulus. In
other words, the material becomes resilient to the strain
that prompted rigidity (but not necessarily against other
modes of deformation). Because tailored resilience may
be coaxed out of very sparse network geometries, pro-
6tocols leveraging this effect may be relevant to produce
generic, lightweight architectures for predefined mechan-
ical performance.
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